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ABSTRACT This study discusses the solution of the Navier-Stokes Korteweg model, which
describes two-phase fluid flow with capillary effects, with Neumann boundary conditions in
the half-space. The main objective is to detail the resolution process of the resolvent
equation system in the half-space related to the Navier-Stokes Korteweg model with
Neumann boundary conditions. The resolution is carried out in several steps. First, the
resolvent equation system is reduced using even and odd extensions. Then, a partial Fourier
transform is applied, resulting in a simpler ordinary differential equation. The findings of this
research indicate the existence of a solution operator for the resolvent equation of the
Navier-Stokes Korteweg model with Neumann boundary conditions in the half-space. This
solution applies for two cases involving the coefficients, depending on certain conditions
related to the fluid properties.

Keywords: extensions, navier stokes korteweg, neumann, resolvent equation, partial
fourier transformation.

ABSTRAK Penelitian ini membahas solusi dari model Navier-Stokes Korteweg, yang
menggambarkan aliran fluida dua fase dengan efek kapiler, dengan kondisi batas Neumann
di ruang setengah. Tujuan utama dari penelitian ini adalah merinci proses penyelesaian
sistem persamaan resolven di ruang setengah yang terkait dengan model Navier-Stokes
Korteweg dengan kondisi batas Neumann. Penyelesaiannya dilakukan melalui beberapa
langkah. Pertama, sistem persamaan resolven direduksi menggunakan ekstensi genap dan
ekstensi ganjil. Kemudian, transformasi Fourier parsial diterapkan, menghasilkan persamaan
diferensial biasa yang lebih sederhana. Hasil penelitian ini menunjukkan adanya operator
solusi untuk persamaan resolven model Navier-Stokes Korteweg dengan kondisi batas
Neumann di ruang setengah. Solusi ini berlaku untuk dua kasus yang melibatkan koefisien,
tergantung pada kondisi tertentu yang berkaitan dengan sifat fluida.
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INTRODUCTION

All substances that can flow, whether as a gas or a liquid, fall into the category pf fluids. The
flow properties of fluids, both liquids and gases, constantly change when subjected to shear
stress, giving them the characteristic flowability known as “fluidity” Ridwan (1999). Fluids
can be classified into two types based on their response to pressure: compressible and
incompressible. Gases, as compressible fluids, experience significant changes in density
when subjected to pressure, while liquids, which are incompressible, have minimal changes
in density, making it effectively constant Pritchard (2011).

One of the mathematical models used to describe compressible fluid flow is the Navier
Stokes Korteweg model.

dip +div(pu) =0 inQx(0,T)
p(Ou+u-vu) =Div(S(w)+K(p)—P()) inQx(0,T) (1)

The Navier Stokes Korteweg equations is used to model the flow of fluids and gases
undergoing phase transitions. This equation is an extension of the Navier Stokes equations,
which serves as the foundation for describing compressible fluids flow, such as gases. The
primary difference between the Navier Stokes Korteweg and Navier Stokes equations lies in
the inclusion of the stress tensor and the capillarity constant. If the capillarity constant is set
to 0, the Navier Stokes Korteweg equations becomes equivalent to the Navier Stokes
equations.

Numerous studies have been conducted by previous researchers o fluid model solutions.
Dunn & Serrin (1985) introduced the concept of interstitial work in thermodynamics and
designed a KortewegOtype fluid model that accounts for the effects of the stress tensor.
Subsequently, Desjardins & Danchin (2001) demonstrated the existence of a unique smooth
solution for the compressible capillary isothermal fluid model, which can represent phase
transitions. Hattori & Li (1996) also proved the existence of global solutions for the
Korteweg syste in high dimensions when the initial data is small, which represents a
simplified isothermal version. Haspot (2011) confirmed the existence of global weak
solutions for general capillary isothermal fluid models, which serve as phase transition
models. Additionally, Haspot (2011) improved upon Desjardins & Danchin (2001) results by
showing the existence of global weak solutions in one dimension for certain types of
capillarity coefficients with large initial data in energy spaces. Kotschote (2008)
demonstrated the existence of a unique local solution for the isothermal fluid model.

Saito (2019) discussed a compressible Korteweg-type fluid model involving free boundary
conditions and successfully developed an operator for a unique solution. Saito (2020)
studied the existence of a family of R-bounded solution operators for the compressible
Korteweg-type fluid model in R3 under the boundary conditionsn-Vp =0onTandu =0
onT.

For each value of the coefficients u,, v,,and k,, there are five cases that need to be analyzed,
namely:
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Case IV: (”*H’* ‘ (Kl) =0,k, % UVs;

Case V: (“*W*)Z - (Ki) =0,Kk, = [LV,.

Inna, Maryani, & Saito (2020) reviewed the Korteweg-type fluid model in R3 with slip
boundary conditions, namely n- Vp = g,dyu; + djuy = h; and uy = hy. Subsequently, Inna,
Fauziah, Manaqib, & Maya Putri (2023) studied the compressible Korteweg-type fluid model

. . L. . .. u+v 2 1
with slip boundary conditions in R3 for the case where the coefficient (;) - (;) #0,k =

uv, with u # v. Then, Inna & Saito (2023) analyzed the Navier Stokes Korteweg model
involving the time variable t and demonstrated the existence of a local solution with slip
boundary conditions. After that, Inna S. (2024) examined the existence of R-bounded
solution operators in the Navier Stokes Korteweg model with slip boundary conditions in
R3. Additionally, Prayugo, Inna, Mahmudi, & Damiati (2024) discussed the solution of the
linear Navier Stokes Korteweg model in R2 with slip boundary conditions for the case where

2
the coefficient (”Z—J:’) - G) # 0,k = uv,u # v . Similarly, Salsabila, Inna, Liebenlito, &
Purnomowati (2024) discussed the solution of the Navier Stokes Korteweg model with slip

2
boundary conditions in a three-dimensional for two coefficient cases: (”Z—J:’) —(1) <

K
2
u+v 1
0 and ( ) —(;) > 0,k # uv.
Meanwhile, in this study, the author examines in detail the determination of the solution
operator for the resolvent equation of the Navier Stokes Korteweg model in the half-space
2 2
(R3) for two coefficient cases, namely (”*”*) — (Ki) < 0and (ﬂ) (K ) >0,k % WV,

2K, 2K,

respectively.

METHODS

In general, solving the nonlinear equations (1) with boundary conditions is done through
several steps. First, the systemis linearized. Then, a Laplace transform is applied to eliminate
the time variable t. This process yields a system of equations known as the resolvent

equation. The resolvent equation corresponding to equation (1) is as follow:
d

d
Ap + u; + u, + u; =d in R3
P ow, T aw, 2 T w3
a2 02 92 7] 7] a 2
Aul M (6w12 + 6w22 + 6W32) Uy = Vs ow (6w1 1 + uz + u3) . 3 ( )
5 /52 52 inR
e I
* ow, 6W12 6w22 6w32 p 1
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Ay = p (a\izlz + afvzzz + afvzz) Uy = Vs ai (6:11 1t 5., w, 12 + iu3) B
o [ 92 a2
* 6_wz (awlz 6W22 + 6w32)p = f2
Aug — p, (a\izlz + afvzzz + afvzz) Us = W 6\(:/ (6:11 w + aiwzu2 + aiw3u3) B
o [ o2 a2
* 6_w3 (awlz 6W22 + 6w32)p = f3

Khasanah, et al.

inR3

inR3

In this study, we will discuss the solution of equation (2) in the half-space (R3) with
Neumaan boundary conditions, which is expressed as follows:

Ap + o + o o d inR3
u u Uz = in
p aw, 1 aw, 2 ows 3 +
92 GE 92 d d d
’ml_“*(a 2t o, +a ) 176_(awl Ut g, u2+a_w3u3)_ .
in Ry
( 6W32)’0 = fl
92 92 d d d d
Auz s (6w12 + 6w22 + 6w32) Uz = v*a_(awl U + 6_wzu2 + 6_w3u3) - . 3
5 52 92 in Ry
*6_M/2(6w12 + awzz 2)p - fz (3)
92 GE 92 d d d
Au3 s (6w12 + 6w22 + 6w32) Us —~ v*a_(awl 1 + u2 + 6_w3u3) - . 3
5 52 92 in Ry
* 6_w3 (6w12 6w22 + awgz)p - f3
9
0y [ Uy 0
0|5, [p=9 [¥)=|0 inR3
-1 P us 0
aws

Here, n = (0,0,—1)" is defined as the unit normal vector pointing outward from R3. The
parameter 1 is a complex numberin C, = {z € C|R, > 0}. The right-hand side functions are
glVen by d= d(W11W21W3)Ig = g(W15W21W3)I and f= f(W]J W2'W3) =
(fo(wy, wo, w3), fo (Wi, wa, w3), f3(wy, wy, w3))T, which are known functions. The vector-valued

functions u = u(wy, wy, ws3) = (ul(wl,wz,W3),uz(wl,wz,w3),u3(wl,w2,w3))T represents the
solution vector, while p = p(w;,w,, w3) is a scalar function representing the velocity and
density of the fluid. The regions are defined as follows:

R?I- = {W = (er W2'W3) € R3'W3 > O}l

R?) = {W = (W1'W2'W3) € R3,W3 = 0}'
To solve equation (3) with boundary conditions in general, the steps include solving equation
(3) in the whole space, then in half space, and finally in the bent half space.
Some special notations used in this article are as follows: N denotes the set of natural
numbers, C denotes the set of complex numbers, and R denotes the set of real numbers.
Let g € [1,00),then L,(R}) represents the Lebesgue space and W;"(R3}) is the Sobolev
space in R}, with m e N. If m = 0, then W>(R}) = L,(R}) and the norm in W*(R}),n €
No,No = N U {0} is denoted by ”'”WJ‘(Ri)' Let X and Y be Banach spaces. Then X™, form € N
denotes the Cartesian product of X taken m times, and the norm in X™ is written as ||||x.
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The set of linear operators from X to Y is denoted by £(X,Y) while the set of linear
operators from X to X is denoted by £(X). For a domain U c C,Hol(U, L(X,Y)) denotes the
set of holomorphic functions valued in £(X,Y) defined on U.

To solve equation (3), the solution approach for the system in the whole space (R3) is given
by the following equation,

Ap + i + 0 + 0 d in R3
u u Uz = N
P A ! aw, z dws 3
a2 a2 a2 7} 0 7} 7}
Aul e (6w12 + 6w22 + 6W32) Uy = ow, (6w1 w + ow, uz + ows u3) - . 3
5 2 ) inR
0 ( 7} 3} a ) _ f
* ow, ale 6w22 )P =1
a2 a2 a2 7} 0 a 4
/1u2 M (6w12 + 6w22 + 6W32) Uy = Vs ow (6w1 1 + u2 + u3) . 3 ( )
5 2 inR
(0 0 3
* ow, awlz awzz 2 pP=]2
a2 a2 a2 a 0 a
/1U3 M (6w12 + 6w22 + 6W32) Us = Vs ow (6w1 1 + u2 + u3) . 3
2 2 inR
7} ( 0 a n ) _ f
* owy awlz 6W22 6w32 P=1s

For equation (4), Saito (2019) obtained the following result,
Define the space K° = (4, f1, f>, f3) as the right-hand side functions in equation (2) as
fFollows.

XER3) = WE(R?) X L, (R®) X L,(R?) X L, (R?)

Then, define X} (R*) and %;K? as follows:
X(R3) =L,(R*)4, where A=(3+1)+3=7.
KK = (5o-d,5o-d 5o, 22d, fi, o f3) € B3 (RY).
Next, the following theorem is obtained,

Theorem 1. Let p € (1,) and assume that u,,v,, k., are positive constants satisfying

(“*—H’*)Z - (Ki) < 0and (ﬂ)z (K) > 0,k, # u,v,. Then, for every 1 € C,, there exist

2K, 2K,

operators A (1) and B(1) with,

AL(1) € Hol (c+,,c (%1 (R?), W (R3))>,

B1(1) € Hol (c+,L(ae;,(R3), w2 (R3)3)),
such that, for any K° = (d,f) € X;(R?), there exists a unigue solution to the system (4) is
(p,w) = (WDKK, BL(D) KKO).

FINDING AND DISCUSSION

This section serves as the main objective of this research, which is to demonstrate
the existence of a solution for equation (3). The space K = (d, fi, f2, f5, 9) is define
as the right-hand side functions of equation (3), as follows:
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XZR3) = W, (R3) x L,(R3) x L,(R}) x L,(R}) x WA(R3)
Then, K" and X2(R3) are expressed as follows:
X2(R3) = L,(R3)E,
B=(N+1)+N+(N?+N+1)=20.

owr ({0 .0 9 1
f]C/lK = < d, d;awsd;/lzd)'flﬂfbf&

ow; dw,
62
6w12 (‘g) 6w16w2 (g) 6w16w3 (g)
ow, 6w (g) 6w2(g) ow, 6w (‘g) AZ—Q,A —g,/12—g,/1g E%Z(R )
02
6w16w3 ( ) ow,0ws (g) 6w32 (g)

The main objective of this research is to obtain the solution operator for equation
(3) by proving the Theorem 2.

Theorem 2. Let g € (1, ) and assume that u, v, k are positive constants satisfying

potv\2 (1 < 0and (#** (2 > 0,k, # u.v,. Then, for every 1 € C,, there
K. 2 K.

2K, Ky

exists A°(1) and B° (1) with,
A°(1) € Hol <C+,L (%2R, W (RS )))

BO(1) € Hol (C+,L(3E2(R ), W2(R3)? )),

such that, for any K' = (4, f1, f2, f3, 9) € X7 (R3), there exists a unique solution to
the system (1) is (p, u) = (A (DKKL, B (1) K K?).

Several steps are required to prove Theorem 2. First, the inhomogeneous system of
equation (3) is reduced to a homogeneous system of equations. Then, the
homogeneous system is solved.

Reduced System

The first step is to reduce the system of equation (1) using the solution operator
approch in the whole space (R3) with even and odd extensions. For a function f =
f(w) with w(wy, w,,w3) € R3, the even extension E¢f(w;,w,,w;) and the odd
extension E°f(w,, w,, w3) of f are defined as follows:

fwy,wa,ws), (ws > 0)
f(erWZ' _W3)' (W3 < O)
f(wy, wy,ws), (ws >0)
_f(W1'W2) _W3)' (W3 < 0)

Bf = (B°F)wy, wa, ) = |
)
BOf = (BOF)(wa, o ws) = |

Next, definie the extension of a vector function f = (fi, f, f3)T in R® as follows:
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Ef = (Eef1;Eef2'E0f3)T- (6)
Note that £ eL(Wl(R ), Wl(R3)) and E € £(L,(R3)?, L, (R?)?).

Let (d,f) be a function in the space W (R3) x L,(R3)? in equation (3) and
AL (DKLK® and B (DK, K are the solution operators presented in Theorem 1 in
R3. Define the operators M and P as follows:

M = A (DK, (E®d, Ef) and P = B (1)K} (E°d, Ef). (7)
Next, define N = N(wy, w,, w3) and O = O(wy, w,, ws) as follows:

N = M(Wl, Wo, _W3), and O

T (8)
= (P1 (W1, Wy, —w3), P, (W, Wy, —W3), —P3(wq, Wy, _W3))
then,
03 (w1, Wy, w3) = —P3(wq, wp, w3). (9)
Substitute equation (8) into the first row of equation (3) to obtain:
(AN+60 9 0,4 a0)( )
aw, OtV ow, U2 T gy, U3 ) (W W Ws
—(AM+aP+aP+aP)( )
B ow, - 0w, * dw, ° W1 Wa, =Ws
= (E°d)(wy, Wy, —W3) (1 0)
= (E°d)(wq, Wy, w3).
To obtain the second, third, and fourth rows of equation (3):
FE a [ d ) )
(3.01—!1 ( 2+ +6 3)01 M(B_Wlol-i_mOZ-l_mO?))_
9 62 2
Ky m(awlz + w2 + 6w32) N) (wq, Wy, w3)
_ FE a2 92 a (0 P P
= (1P =1 Gz + 5t 5z) o= Ve (o Pr + 5 Pa g Pa) =
a [ 92 FE FE
Ky m(awlz w2 + 6w32) M) (wy, Wy, w3).
= (E®¢ W1, Wy, —W3).
( fl)( 1 2 3) (1 1)

= (Eefl)(wllWZiWS)'
92 92 92 0 d 0 5}
(AOZ_M*(anZ‘l'a 2+ 2)02_1]*_(_01+_02+6_VV303)_

w2 ows ow, \ 0w, ow,
< 6672(63/212 + 631222 + 33,232) N) (w1, Wz, w3)
= (APZ — b (0:1212 + 63}222 + 63/232) P, — v, %(aiwlpl + aaTZPZ + 0673}33) _
K 6672(63/212 + 637222 + a‘iz) M) (wy, wy, ws).
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= (E°f2) (wq, Wy, —Ws3).
= (E°f2) (wq, Wy, w3).

(/103 — (afvzlz +a"’22 + 622) 05 —v i(iol +667202 +6%303) _

w2 ows * dws \ow,
< 6673 (63/212 + 631222 + 33,232) N) (w1, wz, w3)
- (AP3 T (afvzlz + 63;222 + 531232) P; — v*aim(aimpl + aaTZPZ + 6673133) — (3)
< 6673 (63/212 631222 + 6\(1232) M) (W1, wa, w3).

= —(E0f3)(W1; W3, —W3).
= (E0f3)(W1:W2,W3)-

Based on the uniqueness of the solution operator in R3, we obtain:

01 (W1, Wy, w3) = Py (wy, wy, ws)
0, (Wy, Wy, w3) = P, (wy, Wy, W3) (1 3)
03 (Wy, wp, w3) = P3(wy, wy, w3)

As a result, from equations (9) and (13), we have P;(wy, w,, wsg) = —P3(wy, wy, wy).
This implies that when w; = 0, we have P;(wy, w,, 0) = —P;(wy, w,, 0) which is true if
and only if P;(wq, w,,0) = 0.

Let p and u be defined as follows:
p = M+ﬁ aﬂdu = (ul,uz,u3) = (Pl +ﬁ1,P2 +ﬁ2,P3 +ﬁ3) = P+ﬁ (14)

Substitute equation (14) into equation (3), to obtain the following homogeneous
system:

A”+<a”+a”+a”)o in R3
—Uu —Uu — Uz | = N
4 ow, ' ow, ° dwy ° *
Ay = g (Lt L b2 2) 2y = v (2 2y
1 He 6w12 awzz 6w32 1 * dwy \ow, 1 ow, 2
0 -~ 3} 22 a2 %\ .
%u?’) - K*a_wl(r?wlz + 6w22 + 6w32)p =0
N — 02 92 2 No o, 0 (0 5 o9 o (15)
Auz He (6w12 + 6w22 + 6w32) Uz Ve ow, (6w1 Uy + ow, Uy +

H 3
in R%

o - a ([ o2 92 9% \
— 3 ) — K, — + + ) =0.
aws 3) * dw, (0w12 aw,2 ' dws? p
- 92 92 92\ o (0 - a -
/1u3—u*( + + )u3—v*— S+ oy +
2

2 2 2
owq aw, ows

o - a ([ o2 92 9% \ .
— U3 ) — K.z + + ) = 0.
aws 3) * dws (0w12 aw,2 ' dws? p
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hy
h

U3=0

), where h; = — (SBl(A)JCf(Eed,

Khasanah, et al.

- . . F) <
p=—gG whereg=g +a—WSQIl(/1)JCf(Eed, Ef)

3
on Ry

Ef)) forj =1,2

Consequently, we obtain the homogeneous system of equations from the system
(3), which can be conscisely represented as follows:

0 d d

A +<—u +—u +—u)=0 inR3
P ow, ' ow, * Owy © *
92 82 82 8 (@ d
Aug — ( + )u —v—(—u +—u, +
1 He 6w12 awzz 6w32 1 * dwy \ow, 1 ow, 2
8 ( o2 92 82\ ~
—U3 ) — K7 — + + ) = 0.
aws 3) * dw, (0w12 aw,2 ' dws? p
82 82 82 o (@ d
Au, — ( )u - —(—u —u
2 He 6w12+6w22 6W32 2 * dw, \ow, 1+6w2 2 ¥ .
3
2 2 2 In R+
2 ) — e (b2t ) 5 = 0
ows 3 * ow, Owlz 6w22 6w32 p="u
2 82 82 8 (@ d
Au ( —)u v—(—u —u
3~ 3 12+6w22+6t2 3 * dws \ow, 1+6w2 2t
) ) a(az+az+az) (16)
— U3 | — K, — =
ows 3 * dws Owlz 6w22 6w32 P
0
adw,
0
aWZ p_ g'
0 on R}
ows
(i) = ()
u/ " \hy/

u3:0

Solving the Homogeneous System in R2

The next step in proving Theorem 2 involves solving the homogeneous system of

equations (16) by establishing Theorem 3, a

174
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02 92 92
anz (g) anaWZ (g) anaW3 (g)
c 02 () 62() 02 () /116 ,11. /116 3
92 wow, P w2 dwyows Y ow, I aw, I gw, 919
2 92 2
ow; 0wy (9) ow,0wsy (9) ow,° (9)
2 62 az
h h h
aWIZ( 1) anaWZ( 1) anaW3( 1)
o h o h o h /1 h /1 h Al g hy),Ah
2— 2 2
T ) ) o) (), 2( .2 (), A,
02 02 92
h h ——(h
6W16w3( 1) 6W26W3( 1) 6W32( 1)
0?2 02 92
h h h
() () o ()
o h o h o h /1 h A h /11 g h,),Ah
2— 2 2
E)Wlawz( 2) awzz( 2) (3W26W3( 2) ( 2), 2( 2)) 6W3( 2), AR,
02 02 92
h h ——(h
ow, 3( 2) 6W26W3( 2) awgz( 2)
€ YZ(RY).

For the right-hand side function G = (g, hy, h;) in equation (14), the space are
%p(RY) = WA (R3)?, 9, (R3) = L, (R3)C.
Then, defined as follows:
YZ(R3) = L,(R3)C,
C=33%2+3+1) =39,
Theorem 3. Let p € (1,%0) and assume that u,, v, dan k, are positive constants that

satisfy (”*“L:’*)Z - (Ki) < 0and (”Zi)z (K) > 0,k, # 1, v,. Then, for any 1€ C,

Ky

there exist operators A%(A) and B%(1) with,
A2(1) € Hol <c+,1: (Y2 R, Wi (RS )))

B2(1) € Hol (C+,L(Y2(R ), W2(R3)? )),

such that, for any G = (g, hy, h,) € »p(R3) a unique solution to the system (16) is
(p,w) = (A*(1)GAG, B*(1) G16).
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Proof

Before proving Theorem 3, we introduce the partial Fourier transform. For a function
u = u(wy, wy, w;) defined on R3, the partial Fourier transform and its inverse are
given by:

o= Aws) = (6L, & ws) = f f e~ E1E)u(wy, i, wa) dws dw,

T(}i,gz)[ﬁ(f1;€2;W3)](W1;W2) 2n )fo —iwiwz) (§1, 52)u(Wl W2,W3) dw;dw,

Let ¢ = (—u1 + %uz + %%). The first equation of (14) becomes A + ¢ = 0.
2 3

Applying the partial Fourier transform to the system (14) gives the following
ordinary differential equations:

AM+¢=0 w;>0 (4)

20y — (5 = 167 + 31) ) = i — it (s~ 152 + £31) 5 =
W3>O

R e SRR 1) L A et 1) LA
ws >0
with boundary conditions:
T P = =50 20)
4;(0)\ _ (h;(0)
<ﬁ3(0)) - ( ](0) ) (21)
where,
- z a
¢ = ijl i&;0 + T, B (5)

We define a polynomial P, (k) as follows,

Py(k) = 2% = A(u, + v K, (k* = |87 + &3 D)% + (k% — |§F + &3D) (6)
Equation (17) can be rewritten as.

p__

oo >~

Substitute equation (21) into equation (18) dan (19) gives:
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R 62 R . 62 ~

ws; >0

(25)

~ 0? ~ [7] 92 ~
s = . (55 — 162 + ¢31) s —_(m e, (52— 182 +€§I)>¢ =0 .

dW3 26)
ws; >0
and to equation (20), we obtain:
a T ~
2 PO =190, ®)

this leads to the following ordinary differential system,

Jd \ .
P,1<dwg)¢ 0, w;>0 (28)
92 9\
——wj | P, (—) i, =0, ws > 0,untuk | = 1,2,3 (29)
W3 dws

where w; = /Iflz + &2| +ﬂiso that w? = |E2 + &2| +Mi. Next, substituting w, ke into
equations (24) and (25) yields:

H Iw,> A
. 2 W\
i\ v~k |\ ——=— &+ &) )¢
dws
02 5\ -
M| — — wy |13
dws

+—2(a (62 |62+52|> ?
v, — K, | —= —

2_|g2 2
We then defined = (M) so equation (23) can be rewritten as:

Py(k) = kA*p(d). )

Thus, the polynomial p(d) is defined as follows:

_ g Wt 1

p(d) =d . d+ px
which yields the roots of p(d) as:
,u* + VU,
7 TV, (120
d, = e
n 2 + v, .
+
e Tl Inl,  (m<0)
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2
with i =+v—=1andn = (”*”*) —Ki,nqto. These can also be written as d,,n =
1,2,3,4 where:

« T U
=&+ fn dan d, H —-Jn untukn >0
dy =% 1 i\fTn] dan d4=”2K N untukn < 0
2_|z2 2
considering d,, = (%)" = 1,2,3,4 the roots of equation (32) are as follows:

-l g1+ aa, don ko = VTG4,

Thus, k4, (n = 1,2,3,4) are the characteristic roots of equations (28) and (29). Further
characteristic roots from equation (31) are then obtained:

kl = _(l))_ dan kz = (U/l

given w; = /Iff + &2 + ui The characteristics roots k,,, (n = 1,2,3,4) and k, are the

roots of equation (29). Therefore, the general solutions for equations (28) and (29)
are:

¢ = ge ka3 4 e kazws (10)
0 = aje” 93 + (e kaaWs — e=®aWs) 4y (e KazWs —em@aWs), [ =123 (11)
d _ _ _
e by = (wa0) + w2y + w3y )e™ O — kyy e — kypyjeiezts, | = (12)
1,2,3
From equation (22), we obtain:
o =108 ' —kyfs T= 1§V —kyvs (13)
if' a =i B =iy — wras + wyfs + way3 =0, (14)
where i’ -x' = Y5, i¢;a; forx € {a’, B',v'}.

Substitute k, # u,v, into equation (33) and (34) and then into equations (30) and
(31):

MBi(k3y — wf) + 1858 - B — ka1 Ba) (v.d — ke, (3, — 157 + &3D) =
Myi(kg — wf) + 88 Y — kapya) (vd — ke (kE, — 16T +83D)

MuBs(k3y — wf) = ko1 (8- B' — ka1 ) (v.d — ke (kGy — 16T +83D) =
My (k3, — @F) = koo (i ¥ = kao¥s) (A — w. (K3, — 187 + §31))

as a result,

(k2, — w?) (,8] gflﬁ ) =0, j=12
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i )
(k3, — w3) (y,- +k—’y3> =0, j=12
22

since wy # k,; and w; # ky,, the coefficient B; and y; are given by,

g T
ﬁ]' = _;_zjlﬁS' yj = _;_2]2)/3, ] = 1'2 (1 5)
Next, multiplying the coefficients g; and y; by i¢; yields:
o o 188+ L, 1+ &
i§-p :%ﬁ& iy :%h (16)
21 22
as a result,
. ) K2, _|e24¢2 e , k2. _|&24¢2
&' B — kB3 = _(%) B3, &'y —kpys = — (%) V3. (40)

To determine the coefficients a; and a3, subtitute equation (34) into the boundary
condition (21), resulting in

aj = h;(0), (41)
az = 0. (17)
Then, multiplying equation (41) by i§;,j = 1, 2, yields:
i€ =i - W(0), &)= (h(0)4,(0)" (18)
Substitute equation (33) into boundary condition (26), provides
—kyy0 — kyyt = 2G(0). (19)
Next, substitute equation (40) into equation (44) to obtain:
AG(0) = (k3y — &7 + &5DBs + (k3, — 1&F + &5 Dys. (20)

Then, perform the simultaneous differentiation related to B5; and y5 by substituting
equations (39), (41), and (45) into equation (37) resulting in:

N N T 71 Tl 1
i B(0) = =53 = = —y3 + Wiz + way; =0 (46)
21 22

Therefore,

kyikopi€' - H’(O) = —kyy (k1w — |€12 + 522|),83 — kyq (kppwy — |E12 + 522|)V3 (21)
Based on equations (45) and (47), we can form the following matrix:

B\ 1g(0)
L (y:) B <k21k22i6’ : 1?(0)) (22)
1.:( 3y — 17 + &3 (3, — 187 + €21 ) 3)
—kyp(kp1wy — |€12 + SczzD —kyy (kppwy — |§12 + fzzD

To solve equations (48) and (49), calculate the determinant of L:

detL = kyy(k3y — &7 + 51D (kprwy — &7 + E51) — koa (K3, — 1&F +
fzzD(kzzw/l - |SC12 + EZZD
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= (kyz — k1) ((kaz + ko1) (ka1 koo w;)) — €2 + E21 (K3, + kprkyp +
2 2 4 g2 (50)
k31 — 157 + &3

Lemma 4 There holds det L # 0 for any (¢,1) € R? x (C,\{0}), where C, ={z €
C|%R, = 0}.

Proof. The proof is by contradiction. Assume detL =0 for some (§’,1) € R? x
(€ \{0}). Then, there exists a non-trivial solution (B3,¥3) # (0,0) that satisfies
equation (48) with §(0) = 0 and h;(0) = 0 dan EZ(O) = 0. This would imply that
equations (29) and (30), with ¢ = Z 111 + u3 and homogeneous boundary
conditions #;(0) =0 and diWSJ)(O):O, admlt a non-trivial, smooth solution

(6, 0,, 03, P) that decays exponentially as ws — .

Recall that equations (29) and (30) are respectively equivalent to equations (24) and
(25). By multiplying both (24) and (25) by 21, we obtain the following:

&7 +€§I)>¢3 =

R 62 A . - 62
Al — (W_ &7 + 522|)uj — i (’W* — KA (aw z

(51)
0,ws >0,
a _ 92 ~
25— . (5= - 162 + §21) 2 a—ws(zv*—x*z1(awz—|ff+s§|)>¢= 24
0,w; >0

In this proof, we desine the inner product (a,b) = [

L 0
o a(w3)b(w3)mand the norm

lla]l = v/ (a, a) for functions a = a(w3) and b = b(w;) on R,.

Step 1. By multiplying equation (51) by @, (w3) and integrating over w; € (0, ®), we
obtain:

Al ]|* = w ((aj’jzu,,u,) |€12+522|||uj||2>—v*(ifj¢,uj)+rc*/1‘ (15 (o= -
|62 +¢2]) py) = 0.

(25)

Using integration by parts, along with the condition n u;(0) = 0, and the identities

az
(a 2t ) H

(i&¢w) = —(¢' lfj»“j)»

02 0’
(16 (5oz = 162+ 631) o) = - ((6W32 ~lgt + e§|)¢,is,-u,->,
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this simplifies to:

2 2
Mgl + s (s ]|+ 162 + Sl 1*) + v. (8 i6) = .27 (( - g2+
(26)
A if]-uj> = 0.
Similarly, from equation (52), we derive:
2 2
Musl? + g [ us |+ 162 + 82 lusli?) + v. (¢, 52us) = 7 ((a;”%z ~ e+
(27)
a
5§|)¢,6—Mu3> = 0.
Step 2. Add equations (55) and (56), with ¢ = Z?ﬂ i&; 0+ %ﬁg, to obtain,
3
2 2
A8 llwll” + B ([ w | + 162 + Sllwll”) +valigl? - ea? ((ajgz -
(28)

€7 + f%|)¢.¢> =o.

Next, by applying integration by parts to the last term in equation (55) and using the
condition Lgb(O) = 0, we get:
dws

92 ?
<<6w z—|512+€zz|>¢,¢> :_Ha_w3”f
3

Substituting equation (56) into equation (57) with =1 = 1|1|~2, we obtain:

2
— &2 + &]llplI%. (29)

2
A8 llwll” + S5 ([ |+ 162 + Sl l*) +vlion? +

(30)
— 2
kA2 (2= o] + 162 + 831+ 1g112) = .
Step 3. Separate the real and imaginary parts of equation (59) to obtain:
3 a 2
2 _
D] [l I + k121 2<|6—W3¢H +|€f+€§|l|¢|l2>}
J=1
3 5 5 (31)
2
+“*,Z<”f”_%u’ + 162+ 2l >+v*||¢||2 =0,
3 a 2
o~ 2 -
(D) {}lelufll ~ Al ( el + et +s§|||¢||2>} -0, (60

Using equation (57), we can conclude that ¢ = 0. When RA > 0, based on equation
(57), it follows that (uy,u,, u3) = (0,0,0), and when RA = 0, from equation (58), it
also follows that (uq,u,,uz) = (0,0,0). Therefore, (uy,uy,us, ¢) = (0,0,0,0), which
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contradicts the fact that (uy,u,,us, ¢) is a non-trivial solution. Thus, Lemma 4 is
proven.

Given that the inverse of det L is written as L™, we have:
-1 1 <L11 L12)

~detL\Ly Ly
where,
Ly = _k21(k220)/1 - |f12 + 522|)’ Ly, = _(k%Z - |$(12 + S(ZZD (61)
Ly = kyy(kpry — €2 + €3), Ly, = k3; — | + &3],
By solving equation (47), the coefficients B; and y5 are obtained as follows:
_ ALyp ky1kaaLlas ., -~
hs = detLg(O) + detL i h' (0
(32)
ALy, ky1kaaLlos ., -~
Y3 g(0) + ———=i&"-h’(0)

- detL detL

Substitute the coefficients into the general solution of the characteristic equation.
Using equations (33), (34), (36), (38), (39), (40), and (41), we obtain:

k3, — |&F + 522|> k3, — |6 + €|
pws) = (— etowspy 4 (2T BL TN sy, (33)
3 Ay & Ak, 3
5 — h —ww ifj —kyqw —waw ifj —kyow —ww
@j(ws) = h;(0)e 3 —k—ﬁ3(e 213 — e 3) —k—y3(e 22W3 — e 3) (34)
21 22
ﬁ3 (W3) = ,33 (e_k21W3 — e—le3) + s (e—kzzwz — e—w/lw3)’ (35)
Given,
e~ k22wz _ p—ka1wz e kiws _ o-waws ( ) (3 )
My(ws) = , M;(wz) = i=12 6
0( 3) k22 IR k21 l( 3) k22 I k21
We know:

wi =+ + Y k- |2+ & =sih kP —wi=(si —p DA, (1=12) (37)
thus,

k%Z - k%l — (kZZ + k21)(k22 - k21) (38)

d, —d; =

Also define the following symbols:
_ kZi(kZi + (UA) detL

m; (€1, 62, 4) (i=1.2),
PoLs2 Alkaz — ka1)
koo + w;y)L ko + w;)L
nﬁﬁﬂjzgﬂ7ﬁﬂy 1M%§D:LL7££, (39)
k21 +wﬂ_ k22 +(l)l
) IA‘ = ’ ) Pﬂ’ = .
p1(&1,62,4) Kyq + 0y p2(&1, 62,1 Koy + @0y
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Using the coefficients above, B; and y; can be expressed as follows:

_ kpi(kptwp)lyg A _ dakdiko(kpi+wy) .. 7 e T
Bs = Gt et 9O ™ Gtz e (1P 1 1822 (0), (70)
koo(kyy + wy)L d, k2, k. (k,, + @ ~ ~
Y3 22( 22 ﬂ.) 21 g\(o)_ 17121 21( 22 l) (lflh1+l52h2)(0) (71)

N (ka2 — ka1)my(&1,65, 1) (ka2 — ka1)my(&1,&5, 1)

Therefore, the solution operators for p, u;,and u; are obtained by applying the
inverse Fourier transform to equations (64), (65), and (66) as follows:

_\2 -1 di(Kaa+ka10)pi(§1,62,0Mi(§1,6240)  _k A .
P =ZF (flfz)[ (p-dpmGrird)  © 21W39(0)] (w1, we)

2 -1 d1dyi&ika 1 (ko1twy) g 7~
] v or s O (A

-1 dy(kyp+wy)L P
T(glgz) [—zmzzél’fz’l)m MO(W3)9(0)] (wy,wy) + (40)

2 -1 d1d;i§1ka1Kka2(kaztwy) N
21:1?(5152) [ 1 (1,80 0) M (W3)hl(0)] (wy, wy).

= W (NGAG
W = Fi el (0™ s ] (wy, wy) —

2 -1 i§j(kj+wy)Liy ~
2i-1F (e, 8 [m M; (w3)g(0)] Wy, wy) +

_ (—1)id1d& &1k Kan (Kzp+wy) ~
Yot ZlZ:lj:(fis‘z) [( i Mi(W3)> hz(o)] (w1, w2)

dim;(§1,§2,4)

: = B7(1)G,G, dengan j = 1,2, (41)

Uz —vy2 g-1  [kitkitopli - N
3 —Zi=17:(§152)[ ity ) ML(W3)9(0)] (w1, wy) +

_ —1)ld dai& ko koo ki (ki+wy) ~
S By Figley [T R 0D 0, (w) Ry (0) ] (i, w2)

.= B2(1)G,6. (42)

Let B2(1) = (%i(l),%%(ﬂ),%%(l)f. Then the solution operator u can be expressed
as:
u =:B2(1)G,6. (43)

Thus, the solution operator (p, u) can be written as:
(p,0) = (U*(D)G21G, B*(1)G,6). (44)
Therefore, the solution operators (p,u) = (A%(1)G,G, B%*(1)G,6) for the equation

(16) in the half-space (R%) is obtained. Hence, Theorem 3 tis proven.

Next, proving Theorem 2. Reconsider equation (14) the solution operator in the half-
space (R%) is:
p =M+p
= WAKIK® + A?(1)G1G
= A (D) K;K?
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Next, if u = P + 1, then u can be written as:
u =P+t
=B KK + B2(1)G,16
= B (VKK
It can be conclude that the system of equations (3) for the two cases of coefficient,
2 2
namely (%) — (Ki) < 0and (%) - (Ki) > 0,k, # u.v, , has the solution
operator in the half-space (R%) given by (p,u) = (A (M)KLK, B (DKK ). Thus,
Theorem 2 is proven.

CONCLUSIONS AND RECOMMENDATIONS

In this research, it can be conclude that Theorem?2 is proven to have the solution
operator for the Navier Stokes Korteweg model with Neumann boundary conditions
in the half-space (R3). The solution operator for the two cases of coefficients

() - () <oma (52 - ()0 omn 5 owen by (o

2K
(A°(DKPK!, B (VKK ) for the system of equations (3). Future research is
expected to estimate the solution operator by examining R-bounded cases and
solving the resolvent system in the bent half-space (Q,).
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